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Abstract. — Microscopy techniques play a key role in the elucidation of the dynamical organization of biophysical and biological systems. However, they provide
a large amount of information, from which it can be delicate to extract the relevant one, all the more that live systems present a large variability and statistical
samples are generally poor, because experiments are time-consuming. I propose
here three tools that have been recently developed in this spirit. They enable one
to extract such reliable information and to characterize diffusion at the surface of
live cells studied by two techniques: Single Particle or Single Molecule Tracking
(SPT or SMT) and Fluorescence Correlation Spectroscopy (FCS).

This note is organized as follows: a rapid survey is followed by a detailed
“Methods” section.
1. Survey
1.1. Single Particle or Single Molecule Tracking: Quantification and
correction of systematic errors due to detector time-averaging [1]. —
When extracting the Mean Square Displacement (MSD; see Methods for the
definition) from SPT or SMT trajectories, one often remarks that it displays two
regimes: a short-term one with a rapid, “microscopic” diffusion coefficient Dµ
and a longer-term one with a slower, “macroscopic” diffusion coefficient DM (see
Fig. 1). Such a MSD is in general very well fitted by a simple law of the form:
L2
(1 − exp(−t/τ )) + 4DM t.
3
The length L is interpreted as the diameter of short-term confining domains,
and τ is the so-called “equilibration” or “relaxation” time. It is the typical time
that the diffusing particle needs to explore its confining domain of diameter L.
In other words, for t < τ , the diffusion is rapid and confined. For t > τ , it
is slow and free. It is related to L and Dµ by L2 = 12Dµ τ [1]. The short-term
confinement can originate from several mechanisms, such as lipidic micro-domains
(the so-called “rafts”), protein assemblies caused by protein-protein interactions
(1)

MSD(t) =
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(see e.g. [2]), or hindrance by fixed linear obstacles such as the cortical actin
filaments of the cytoskeleton [3] (“fence-and-picket” or “barrier” model). In the
latter case, occasional jumps over the obstacles lead to slow long-term diffusion.
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Figure 1. Example of experimental MSD for a µ-opioid receptor as
studied in Ref. [2] (black), together with its fit by Eq. (1). One distinguishes the two regimes, typical of a confined, rapid diffusion at short
times, followed by a slower free diffusion at larger times.

Now SPT or SMT developments rely upon a correct estimation of domain sizes
and diffusion coefficients (see e.g. next section). To this respect, a common pitfall
comes from the detector time-averaging effect in the case of confined diffusion at
short times. Indeed, if T is the detector acquisition time, this effect cannot be
neglected whenever T > τ /3, because it leads to a potentially dramatic underestimation of L and Dµ . If τm , Lm , and Dµ,m = L2m /(12τm ) are the measured
quantities obtained by fitting the experimental MSD by Eq. (1), then some simple
mathematical formulas enable one to recover the real τ , L and Dµ from the
measured ones [1]:
(2)

τ = τm − T /3,

(3)
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How to use these formulas is detailed in the Methods section.

(4)

Dµ =
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1.2. Single Particle or Single Molecule Tracking: Detection of confinement and jumps in trajectories [2]. — Here we present a tool [2] which
enables the detection of confinement, whether temporary or permanent, by any
kind of micro-domain: cytoskeleton meshwork, lipid domains or protein assemblies. In addition, it is able to detect a local loss of confinement due to jumps
above linear obstacles in SPT or SMT trajectories (see 1.3). If the observed diffusional behavior is suspected to be described by a fence-and-picket model, this
tool is useful to quantify the number of observed jumps and to decide whether it
is sufficiently important to explain the measured long-term diffusion coefficient.
Indeed, if τconf is the average confinement time into domains, that is to say the
average time between two successive jumps, then the relation L2 = 4DM τconf
provides the value of τconf , after measuring L and DM (and possibly correcting L:
expected
see 1.1) . The expected number of jumps is then given by Njumps
= Ttraj /τconf ,
where Ttraj is the time length of the trajectory.
Refining a former algorithm by R. Simson et al. [4], Meilhac et al. have
proposed an algorithm that was proven to be more reliable in this context to
detect jumps [2]. Its main interest is that even if, because of statistical noise, it
can only detect a finite fraction of jumps – typically 50 to 70 % –, it makes very
real
little false detection. Therefore the real number of jumps Njumps
can be estimated
by the detected one multiplied by a numerical factor, of order 1 to 2. This factor
must be specifically calculated for the given problem under consideration, with
the help of numerical simulations, because it depends on the typical values of L2 ,
real
DM and Dµ . The so-obtained Njumps
can then be compared to what is expected
expected
in a barrier model, Njumps . The algorithm is detailed in the Methods section
below.
1.3. Fluorescence Correlation Spectroscopy at variable observation area
and diffusion on a semi-permeable meshgrid [5, 6, 7]. — This tool concerns again diffusion on an actin-like meshgrid. But in this case, the observation
technique is not an invidual-object one, but an ensemble one, the FCS. This is
a powerful and common tool used to measure an average long-term diffusion coefficient, DM . It is based upon an analysis of the fluorescence fluctuations in a
small volume or membrane area [8, 9]. Recently, it has been demonstrated that
using an observation domain of variable diameter, FCS is able to discriminate
between different modes of diffusion at the surface of cells, in particular between
free diffusion, diffusion in raft-like or protein assemblies and, again, diffusion on
a semi-permeable meshgrid. We suppose that the observation illumination profile is Gaussian with waist w. Once determined (see Methods), the correlation
function can be (more or less) fitted by the law:
(5)

C(t) =

1
.
1 + t/t1/2
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In this expression, t1/2 is the time at which the FCS correlation function gets
reduced by a factor 2. Instead of fitting by Eq. (5), this latter definition of
t1/2 must be preferred in the present context. It can be measured with a good
precision. Then if w is the waist of the observation profile, it can be proven that
(6)

t1/2 ≃

1
(w 2 − (Const.L)2 ),
4DM

where L is the mesh size and the constant will be discussed in the Methods
section. Experimentally, the measure of t1/2 at several waists enables one to
infer: (i) the value of DM ; (ii) the value of L, the mesh-size, of biological interest.
This is the core of FCS at variable observation area [5, 6, 7].

2. Methods
2.1. Single Particle (or Molecule) Tracking. — We denote by X(ti ) the
two-dimensional successive positions of the particle at discrete observation times
t0 , t1 , . . . , tN separated by δt: ti = iδt. At standard video rate, δt = 40 ms (33 ms
in the US or in Japan). The MSD at time t = Sδt is calculated by
(7)

N
−S
X
1
[X(ti ) − X(ti+S )]2 .
MSD(t) =
N − S + 1 i=0

It is the average of the squared displacement during a time interval of duration s.
If some points are lacking in the trajectory because their acquisition failed, the
corresponding squares are omitted in the sum and the normalization prefactor
must be adapted consequently.
The time s must be chosen to vary between 0 (and MSD(0) = 0) and smax
such that τ ≪ smax ≪ tN . The first condition ensures that the cross-over at τ
will effectively be seen. The second one is required to avoid excessive statistical
noise. Typically, one needs smax /τ > 5 and tN /smax > 20. Once MSD(s) is
plotted, it must be fitted by Eq. (1). The measured parameters are denoted by
τm , Lm , and DM . The latter value can be kept as such because it cannot be
affected by averaging effects. As for Dµ,m , it is given by Dµ,m = L2m /(12τm ) [1].
2.2. Correcting detector averaging effects [1]. — We denote by T the
detector acquisition time. Note that T need not being equal to δt. Of course,
T ≤ δt.
If the measured equilibration time, τm , is shorter than 3T , then the measured
values must be corrected. In addition, if τm < 2T /3, then the measured “microscopic” parameters τm and Dµ,m must be considered as irrelevant and the
acquisition time T must be considered as too high for the experimental system
under consideration. If 2T /3 ≤ τ ≤ 3T , then Eqs. (2-4) must be used to obtain
the real values of τ , L, and Dµ .
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Figure 2. Example of profile Λ(t) for a simulated trajectory of duration
200 s. The diffusion is free (pure Brownian) with diffusion coefficient
Dµ = 0.06 µm2 s−1 , except on the time interval [50,100], where it is
confined in a rectangular box of sides 400 nm × 560 nm. Four profiles
are plotted for ∆t = 5, 10, 15 and 20 s, from bottom to top. The higher
∆t, the better the signal: the profile is generally below the threshold
value Λ = 4 for a Brownian trajectory (horizontal line), and neatly
above this value for confined diffusion.

2.3. Detecting confinement [2]. — The variance of the trajectory on a time
interval [t, t + ∆t] with ∆t = nδt is defined by
"
#2
n
n
X
X
1
1
X2 (ti ) −
X(ti ) .
(8)
∆X 2 (t, ∆t) =
n + 1 i=0
n + 1 i=0

For a pure Brownian motion, this variance is proportional to Dµ ∆t. The idea
of the algorithm proposed in Ref. [2] is to detect a deviation to this ideal case:
if the trajectory is confined on the interval, then ∆X 2 will be smaller than this
expected value. Thus we define the confinement index Λ as follows
(9)

Λ(t) =

Dµ ∆t
.
∆X 2 (t, ∆t)

One demonstrates that ΛBrown ≤ 4 with a good probability for a pure Brownian
trajectory, independently of δt and D. By contrast, if one considers confined
diffusion in a square box of side L, one gets ∆X 2 = L2 /6, and
(10)

Λconf = 6Dµ ∆t/L2 .

Confinement (permanent or temporary) will be distinguishable from pure Brownian trajectories if Λconf ≫ ΛBrown i.e. if Λconf ≫ 4 or Dµ ∆t/L2 ≫ 2/3. Note that
∆t must be sufficiently large to enable detection of confinement. A commented
example is provided in Fig. 2.
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In practice, the calculation of Λ requires both the value of ∆X 2 (t, ∆t) for
each interval [t, t + ∆t], as explained above, and the value of Dµ . Since this
value can vary significantly along a same trajectory [2], a local value, Dµ (t), is
needed. It must be calculated on an interval [t, t + n′ δt], with n′ ∼ 100 to avoid
excessive statistical noise. This calculation relies on a calculation similar to the
one given in Eq. (7), by fitting only the first 2 or 3 points to get Dµ (only),
because MSD(t) ≃ 4Dµ t at short times.
The examination of Λ(t) indicates if the trajectory is either free, or confined
on all the trajectory, or only on a fraction of it (Transient Confinement Zones or
TCZ). If one chooses several increasing values of ∆t, free-diffusion periods will
display a constant Λ below the threshold value of 4, whereas transient confinement
will lead to increasing values of Λ (see Fig. 2).
2.4. Detecting jumps [2]. — The detection of jumps is based on the same
confinement index Λ. The idea here is to exploit the following observation: when
the trajectory is devoid of jumps on the interval [t, t + n′ δt], Λ(t) has a high value
as discussed above, because X(t) is confined in a single domain. Now, if there
are one or several jumps in this interval, the trajectory visits successively several
domains in [t, t + n′ δt]. In other words, the tracked particle is virtually in a twice
(or more) larger domain. Thus ∆X 2 (t, ∆t) is significantly higher than in the
previous case, and Λ(t) is smaller. In addition, the fact that Dµ can vary along
the trajectory must also been taken into account.
In practice, the profile Λ(t) is calculated as explained above. Jumps are then
characterized by gaps in the profile, as exemplified in Fig. 3. It can be demonstrated that these gaps have a minimum value
(11)

Λjump = 2Λconf /5.

To distinguish gaps from random fluctuations of Λ, they must also have a certain
duration. It is demonstrated in Ref. [2] that the best compromise is to characterize gaps by Λ(t) > αΛ on a time interval longer than ∆t/2. Here Λ is the average
value of Λ on the whole trajectory, and α = 0.7. Moreover, the efficiency of the
detection relies on a neat separation between short-term and long-term diffusion:
the condition
(12)

Dµ > 20 DM

must be satisfied. The choice of ∆t is also crucial: it must be as large as possible
to enhance the signal, but also as small as possible to separate at best close jumps;
∆t = τconf /3 is also a good compromise, where we recall that τconf = L2 /(4DM ).
Finally, since Dµ can vary along the trajectory, it is recommended to truncate
the trajectory in ∼ 30 s segments where jumps are detected independently (see
the figure).
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Figure 3. Top: Profile Λ(t) for a numerical trajectory with τres = 20 s.
We have also plotted in red the threshold αΛ with α = 0.7, calculated on
30 s segments. Real jumps have been directly detected in the trajectory
simulation and are represented by diamonds, whereas the ones detected
by the algorithm are signaled by circles. Five jumps have been detected,
among which one double jump (detected only once because the two
jumps are too close). Bottom: Profile for an experimental trajectory
(from Ref. [2]), with three detected jumps. Some intervals where Λ(t)
is below the threshold are not considered as jumps because they are not
long enough.

3. Fluorescence correlation spectroscopy
Now we quit the domain of single particle techniques and we turn to FCS,
which provides ensemble information. In FCS experiments, the two-time autocorrelation function, g (2) (t), indicates the average degree of correlation between
measures of the number of photons, n(s) and n(s+t) collected by the detector, at
different times s and s + t [8, 9]. Again, the observation time is discrete: ti = iδt,
i = 0, . . . , N. Each measure n(ti ) is a number of photons detected per sampling
time δt. More precisely, the correlation function is defined as follows:
g (2) (t) =

(13)

hn(t′ )n(t′ + t)i
.
hn(t′ )i2

In this definition, if t = Sδt then
(14)

N
−S
X
1
hn(t )n(t + t)i ≡
n(ti )n(ti+S )
N − S + 1 i=0
′

′
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and
N

hn(t′ )i ≡

(15)

1 X
n(ti ).
N + 1 i=0

Then it is demonstrated [9] that g (2) (t) has the typical form:
1
(16)
g (2) (t) = 1 +
C(t),
hρiSeff
where: (i) hρi is the average density of fluorophores in the system; (ii) Seff = πw 2
is the effective observation surface of the Gaussian illumination source of waist
w; (iii) C(t) is a reduced correlation function such that C(t = 0) = 1 and
C(t = ∞) = 0. Then the so-called decorrelation time, t1/2 , is defined by
1
(17)
C(t1/2 ) = .
2
The typical behavior of t1/2 for diffusion on a meshgrid of semi-permeable barriers
is displayed in Fig. 4. By contrast to free diffusion, t1/2 (w 2 ) vanishes for a non-zero
value of w 2 , denoted by wc2 ≃ 0.362L2 , with L the mesh size. This fact has been
demonstrated by numerical arguments [5, 6] before being proved rigorously [7].
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Figure 4. Plot of the decorrelation time, t1/2 , in arbitrary unit τ0 , as
a function of the observation domain area, w2 , in the case of a Gaussian illumination profile of waist w. DM = 10−4 L2 τ0−1 is also written
in terms of arbitrary units. The continuous line shows the numerical
solution of C(t1/2 ) = 1/2 [7]. The dotted line is the result of the affine
asymptotic expansion of t1/2 , valid at large w [7]. It meets the w2 axis
at w2 = 1/12 ≃ 0.0833. The numerical solution meets the same axis at
wc2 ≃ 0.362.

If one can only access experimentally large values of w 2 as compared to wc2 ,
the behavior of t1/2 becomes affine, as shown in the figure. The intersection with
the w 2 axis is still positive, but with a smaller value, w 2 = 1/12 [7]. Therefore,
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as discussed in detail in this reference, the choice of the value of the constant
in Eq. (6) depends on the range of accessible waists. Note also that in the case
of particle transiently trapped in raft-like domains, it has been shown that the
intercept of t1/2 with the time axis becomes positive, whereas it was negative
in the previous case. Thus this technique enables one to distinguish between
different diffusion modes [5, 6].
Before closing this section, we should also mention that the fluorophore choice
is critical in this context: its intrinsic fluorescence fluctuations must have a
short characteristic time, shorter than a few micro-seconds (see the discussion
in Ref. [7]).
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