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| Plan of talk |

Examples of combinatorial optimization or decidability type
problems.

The philosophy of the statistical medanical approad.

Traveling salesmanand Taxi cabrip o type problems.




\pplications  of Statistical Physics in Optimisation

| The traveling salesmanproblem |

TSP:A salesmanmust visit a seta n cities, ead city is visited once
given the geometry of the problem

Taxi cabrip o : Likethe TSP but have to maximize the distance
traveled!

First studied by Karl Mengerin 1930sbut origin (Hamiltonian paths)
goesbadk to Hamilton (1800s)

Problem is NP complete (no polynomial time algorithm, only
exponertial time oneswhich involve exploring most solutions) -




\pplications  of Statistical Physics in Optimisation

| Nontrivial instancesof the TSP solved numerically |

G. Dantzig, R. Fulkerson,and S. Johnson (US cities)
M. Greotschel (German cities)

M. Greotschel and O. Holland (interesting citiesin

the world)

M. Padberg and G. Rinaldi (circuit board type
Instance)

D. Applegate et al (Swedish cities).
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| 1954-US cities DANTZIG 42|

Figure 1. Original problem had 42 cites but optimal path usesroads
passingthrough 7 others!
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| 1987-666 interesting cites around the world |
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| 2004- Swedish cities |
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| Coloring problems|

Four Color Problem dates badk to 1852when Francis Guthrie, while
trying to color the map of counties of England noticed that four colors
su ced. He asked his brother Frederick if it wastrue that

Frederick Guthrie then communicated the conjecture to
DeMorgan. The rst printed referenceis due to in 1878.

The map can be represerted as a G.
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Figure 2: 4-Coloring of maps of US states

Proof: Appel and Hakenin 1976 Four Colour Theorem -
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| Suduko is a non planar graph 9 color problem |
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| The statistical medanical approad to optimization problems|

Possiblesolutions Phasespace

Cost Function L () Hamiltonian (energy) H ()

Optimal costL( ) Ground state energy H (

Partition function in the canonical ensenble;

X
Z= exp( H()) ;

where = 1=kgT.

Free energy
F= kgTIn(Z)=E TS:

WhenT! O,F=H( )

)
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| Monte Carlo Simulations |

At a temperature given T can calculate E by using an (
simulation and which obeys detailed balance

P( ! 9 _exp( H(9)
PC % ) exp( H())
The equilibrium measureis the Gibbs-Boltzmann one

() = ZPL_HO)

Takethe limit T ! O by cooling the system -the
second best solution to any optimization problem

Problem: if there are lots of of H you may get stuck in
one of these =) slower and slower cooling required.

Hard optimization problems are like glassesphysically di cult to
adhieve the minimal energy state. System has lots of
with an extensive complexity
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| Studying random instancesof optimization problems]|

H = H( ;J)

J describesthe instance of the problem and is quended or frozen e.qg.
the distribution of the cities in the TSP

are dynamical variablesand can vary e.g. choice of path for the TSP.

Can study the typical valuesof optimal solutions via

F= kgTin(Z)

the : indicates the averageover the quendied random variables.

This works becausethe part of the free energy (which gives
the length of optimal match per city for example) is self averaging in
most cases.

Fanneal ed = kg T In(f) < F;

by and for physical reasons
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| Averaging the logarithm - the replica method |

S.F. Edwards (1960s): replicate the systemn times and calculate

Z" = exp(nin(2)) = 1+ nIn(Z) + O(n?)

In(Z) = lim % In(Z™)

This method has never beenjustied mathematically but has had

remarkable successn , Spin glassesand optimization
problems

Averaging over the disorder J couplesthe replicas (no free lunch !)
X

Zn = exp( H ( 1, ;' n))

X
H (1 , n)6 HO( a)

a=1

14



\pplications of Statistical Physics in Optimisation 15

| Examples|

- Antiferromagnetic Potts model on a graph G

X
(i )26
- (colors) = 1,2;3:::q
If the ground state energy= 0 graph is colorable with q colors - every
link is satis ed.

Similar approad for the (Weigt and
Hartmann 2000)

Matching or marriage problem- have N (even points) and a cost
function J; betweenpoints i and ] - problem match the points to

M. Mezard and G. Parisi (1987) p&J) =exp( J)forN! 1:
= M = 1

n=1 n2-
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| A replica free look at the generalizedTSP |

2 N

Hamiltonian or Cost Function

X
H()=" Vo, r,,;

=1

N points or cities frq;r» ; 'n g chosenindependertly in somedomain
D 2 R? with probability density pq(r).

TakeDj=1

(Beardwood, Halton and Hammersley) V (r) = jrj,
Ground State: Shortest Tour

.V (r) = jrj, Ground State: - Longest Tour
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| Analogy with a Ring Polymer |

Figure 3: Ring polymer on a two dimensional substrate where ead
monomer ( lled circles) is attached to an impurity (crosses)

RouseModel: V(r) = r 2=2
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| Statistical Mechanical Formalism |

First usedto study random link version of TSP/Matc hing Problems
(Krauth, Mezard, Parisi), N(N 1)=21.i.d. links [ .

Euclidean links are correlated, dN independert random variables

P
Normalised Partition Function:Zy = gy, _exp( H( ))

 Fn = 1In(Zy) - usually needreplica
method

Averageenergyper site: = Ni@@ Fn - selfaveragingin the large N
limit.

If V isattractive gs V(N 79 - must rescalethe Hamiltonian to
get extensive ground state energy

GS N 1=d

18



\pplications  of Statistical Physics in Optimisation

| Quendhed Calculation |

F)
Unaverageddensity of points in space q4(r) = Ni :\':1 (r ri(q))

Y X
(N g(r))! N q(r)
X !
exp V(riz1 1)

Delta function makessure that the annealedvariablesr; visit the
quended sites ri(Q) the correct number of times.
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| Fourier Represetation of Delta Function Constraint |

Z Z
ZN =Cn  d ]Jexp N dr (r) (r) Zn

Z ¥ X
/N = dr; exp V(i ri 1)
i=1 i=1

Ring polymer (annealed) with

Zy = TrTN

o - largest eigervalue of T: for N large, Z\

Transfer Matrix

T(r:r)=exp( ()=2exp( V(I r9) exp(

(r=2)
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| Eigenvalue equation |

Z
f(ry=  lexp( (N=2) drPexp( V(I rYexp( H=2)f9

Use 7 7
dr (r)h(r) = dr pg(r)h(r) + O(lzIo W)

for suitably well behaved functions h.

Large N limit givesa saddle-point for integration

1 |nZ|\|

)=y = N )i = pa(r) =

In( o)

= 18

Chemical potential conjugate to density =)
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| Main Result|
De ne exp( %) = P Pg(r)=s(r)
For a uniform distribution nd

V4
exp( V(r r9)
s(r) = dr® S0

Z

2§ dr In (s(r))

Note in systems , .9 TSP and MAXTSP on aring,
torus e.t.c., s(r) = Constant is solution.

Implies quended = annealed(c.f.

).
Not the casefor domains with boundary, annealedé quendied at any
temperature.
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| Zero temperature limit |

De ne s(x) = exp( w(x))

Saddle-point equation via large  saddle-point

w(x) = minfV(x y) w(y)g

y 2D

(c.f. cavity equations)

Z
cs = 2 dx w(X)

The saddle-point equation can be solved by nding a local heuristic of
where you should look for the next point in the walk if you are at X.

Attractiv e potentials look for a point nearyou =) vy = X, nd
w(x) = V(0)=2 is a solution.

As expected gs = 0 for TSP.
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| Maximal TSP |

Dyer, Frieze and McDiarmid, rigorous optima
MAXTSP on square domain.

€5s =-0.765196

Figure 4: Greedy heuristic x !

T = 0 saddle-point equation: de ne h(x) = jy] X VYj.
Triangle inequality h(x) ] XJ, h minimized by choicey = x !

Z

s = 24t dx jxj:
[0; 3]

ca = 05 : 0:765196 : 0:960592in one,two and three dimensions.




